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Maximum asymmetry in strain induced mechanical instability of graphene:
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We demonstrate that graphene, as the thinnest possible solid membrane of only one atomic layer
thick, exhibits the maximum asymmetry in tensile versus compressive strain induced mechanical
instability. Using continuum mechanics analysis and molecular dynamics simulations, we show that
for graphene nanoribbons (sheets) with a typical length (size) of ~100nm, the critical compressive
strain for buckling instability is only ~10~*%, while the critical tensile strain for fracture is ~2%, a
four orders of magnitude difference. Such a large asymmetry implies that practically, strain
engineering of graphene devices is only viable with application of tensile strain but difficult with
compressive strain. © 2011 American Institute of Physics. [doi:10.1063/1.3666856]

Strain engineering, a strategy being widely used in semi-
conductor devices,' has recently been proposed to change the
electrical properties of graphene and graphene nanopatterns”
for potential application in future graphene-based electronics.
Strain has been shown to modulate the electronic,”’ mag-
netic,® and transport properties>® ! of graphene. In general,
theoretical studies are based on the assumption that the planar
structure of graphene and graphene nanoribbons (GNRs)
remain stable under the applied strain so that the effect of
strain is independent of the sign of strain;*” i.e., a tensile or
compressive strain induces the same effect. Such an assump-
tion, however, can be rather unrealistic, because graphene was
theoretically predicted to undergo mechanical instability
under strain,'*'? and recent experiments'*'> showed direct
evidence of buckling (or rippling) of graphene as a result of
thermal strain. Since the out-of-plane undulation and fracture
may invalidate some flat-graphene strain theories, it is impor-
tant to understand the mechanical instability of graphene
against out-of-plane undulation and fracture induced by strain,
especially the role played by the sign of strain, compression
versus tension.

We may ask the general question of how the mechanical
instability of a thin film will depend on the sign of strain.
Under tension, the film will eventually break, creating two
fracture surfaces. The critical tensional strain (¢,) for frac-
ture can be simply obtained by equaling the strain energy to
the energy of two fracture surfaces, i.e., (1/2)ALEE?, = 2Ay,
where A is the area of cross section, L is the length along
which the uniaxial tension is applied, E is the Young’s mod-
ulus, and y is the surface energy. Thus, &, ~ 2+/y/EL,
which does not depend on the film thickness. In contrast,
compression may induce two types of instability: fracture
and buckling. For very thick film, the critical compressive
strain for fracture is comparable to the critical tensional
strain for fracture. For very thin films, however, the compres-
sive strain will first induce buckling preempting fracture.
The critical compressive strain (g,.) for the buckling instabil-
ity is determined by the competition between bending energy
of 1/2Bx?A and stretching energy 1/2Etem®A, where
B~ Ef is the bending modulus, ¢ is the thickness, x and m
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are curvature and slope due to out-of-plane deformation.
Thus, &, ~ £2, which shows a strong dependence on the film
thickness, i.e., a thinner film is easier to buckle.

The above analysis implies a high asymmetry in com-
pressive versus tensile strain induced mechanical instability in
thin films as the film thickness is reduced. If the film is thick
towards the bulk limit, the critical strain is the same for both
compression and tension. If the film is thin, however, com-
pression induces buckling first so that the critical strain for
compression is smaller than for tension and the difference
increases with the decreasing film thickness. Naturally, gra-
phene, as the thinnest film possible of only one atomic layer
thick, is expected to exhibit the maximum asymmetry in com-
pressive versus tensile strain induced mechanical instability.

To quantify the asymmetry of strain induced mechanical
instability in graphene, we have performed continuum
mechanics calculations and molecular dynamics (MD) simu-
lations to investigate different forms of mechanical deforma-
tion of graphene induced by uniaxial and biaxial compressive
and tensile strain. We first consider the case of narrow GNRs
(Refs. 12 and 16) under uniaxial strain along its length direc-
tion, as shown in Fig. 1. Its mechanical instability is mani-
fested in the form of bucking under compression and fracture
under tension (see two schematic insets in Fig. 1). Under
compressive strain (&), the total strain energy can be calcu-
lated from continuum mechanics theory which consists of a
bending and a stretching term as'’

Ut = B /zJ (00 /0x2)dA + Et/2J (00 /oxdA, (1)
A A
where {(x) is the out-of-plane displacement at point x along

the ribbon. Using variational method and periodic boundary
condition, energy minimization leads to the critical compres-

sive strain for buckling instability:'*'”
: e
L. = 2
Eer 3(1 —02)L2 2)

where v is the Poisson ratio and L and ¢ are the length and
thickness of the GNR, respectively. The critical tensile strain
for fracture, as discussed above, is

© 2011 American Institute of Physics
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FIG. 1. (Color online) Critical strain for mechanical instability in narrow
GNRs: compression induced buckling versus tension induced fracture. Solid
blue, dashed red, and dot green lines indicate uniaxial compression, uniaxial
stretching along zigzag direction, and uniaxial stretching along armchair

direction, respectively.
'
&, ~ 21/ Eeqqe | ELL. 3)

Here, E4q. is the edge energy of GNR. Using E'=4.27 TPa,
v=0.19, and r=0.7 A (Ref. 18) and edge energies of arm-
chair edge =1.0 eV/A and zigzag edge =1.2 eV/A (Ref. 12),
we plot ¢, and ¢/ as a function of L in Fig. 1. We also
derived &, and .. from MD simulations,'® which show very
good agreement with the analytical results (see Fig. 3
below).

Figure 1 shows a significant difference in &, and ... For
L from 10 to 1000nm, &, ~L72, varies from 0.02% to
2 X 1076%, while &, ~L71/2, varies from 5% to 0.5%. For
GNRs with a typical length of ~100nm, &, for buckling
instability is four orders of magnitude smaller than &, for
fracture, signifying a maximum asymmetry in strain induced
mechanical instability with respect to the sign of strain. The
GNRs are extremely unstable against compressive strain;
even ~(0.02% compressive strain will cause buckling of a
10-nm-long GNR. This can be understood in relation to pres-
sure induced buckling shape transition in carbon nano-
tubes;'®'” both are caused by the same fact that the energy
cost to change (or compress) C—C bond length is about two
orders of magnitude higher than that to change (or bend)
bond angle."”

The results in Fig. 1 set the thermodynamic limits of criti-
cal strain for mechanical instability in GNRs. Their values
may be slight different if different force-fields are used'’” and
be modified by kinetic conditions, meta-stability, nonlinear
elasticity, and strain rate in real experiments. For example,
experiments have observed graphene sustains up to even 25%
stretching without fracture.”® However, the maximum asym-
metry between the compressive strain induced buckling versus
tensile strain induced facture should remain valid. The fact
that a GNR can only maintain its planar structure for a tiny
amount of compressive strain has an important practical
implication. It means that strain engineering is very unlikely
with the application of compressive strain, because as soon as
the GNR buckles, it relieves the applied compressive strain,
mitigating any useful electronic effects associated with the
compressive strain. One may consider putting the GNR onto a
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substrate to suppress the buckling instability so that larger
compressive strain can be applied. But then, one has to con-
sider the effect of interface on the electronic properties of
GNRs in addition to strain.

For a narrow GNR whose width is very small, fracture is
the only dominant form of mechanical instability occurs
under uniaxial tensile strain along the length direction, as
shown above, i.e., the tensile strain causes the GNR to
stretch its length until fracture. However, for a wide GNR,
another form of mechanical instability may occur with buck-
ling in the width direction orthogonal to the direction of the
uniaxial tensile strain being applied, as shown by the inset in
Fig. 2. This interesting form of instability has been predicted
for ultrathin solid membrane?’ and observed in gra-
phene.'*!'> This can be qualitatively understood in terms of
Poisson effect, as stretching along the length direction (say
x-direction) will cause compression in the orthogonal width
direction (y-direction) which then induces buckling along
the y-direction. The strain relation is &;,, = —ve,, and the
total energy in this case [different from Eq. (1)] has an addi-
tional term of stretching energy in the y-direction

Ut = B /zL(azg J0x2)2dA + Et/2L£’(8C/8y)2dA

- Et/ZJ &' (8L dy)*dA, “4)
A

where {(x,y) is the out-of-plane displacement at point (x, y).
Variation of total energy in Eq. (4) leads to the following dif-
ferential equation:

B(0*(/0y") — tEew(0°L/0x%) + (L/W)Eve(8°(/8y*) = 0.
)

Solving Eq. (5), we obtain the critical strain for the y-direc-
tion bucking orthogonal to the x-direction tensile strain as

it
g, = ;

=30 ey | SV ©

Comparing Eq. (6) (uniaxial tension) with Eq. (2) (uniaxial
compression), we can see that if the length L, along which
the strain is applied, was infinite long, the critical strain for
the two cases will have the same form, differing only by a
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FIG. 2. (Color online) Critical tensile strain for uniaxial stretching induced
orthogonal buckling for three different width-to-length ratios of wide GNRs.
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factor of v. Figure 2 plots the critical tensile strain for the
“orthogonal” buckling instability due to uniaxial stretching,
using three different aspect ratios (W/L). €., in this case,
decreases from 0.1-0.5% to 1-5 x 107°% with increasing
width (W), which are about one magnitude larger than &,
shown in Fig. 1, reflecting the Poisson effect. So, the asym-
metry in compressive versus tensile strain induced mechani-
cal instability both in the buckling form in a wide GNR is
much smaller than that in a narrow GNR where compressive
and tensile strain induces respectively buckling and fracture
instability.

Lastly, we consider the case of 2D graphene sheet. For
simplicity, we assume the graphene sheet with two zigzag
(x-direction) and two armchair edges (y-direction). Because
graphene is well known to be elastically isotropic, we have
the same analytical results as shown in Eq. (2) and Fig. 1
that the critical compressive strain for buckling increases
with decreasing length L as L™2. This is further confirmed by
MD simulations, as shown in Fig. 3. Similar results were
also obtained using different empirical potentials and some-
times difference was made in the choice of graphene
thickness.'”

When biaxial compressive strain is applied, the longer
side will buckle first and the shorter side will then never
buckle if the graphene sheet has a rectangular shape. If, how-
ever, the graphene sheet has a nearly squared shape, then
buckling may occur simultaneously in both directions, as
shown by the inset in Fig. 3. To study buckling instability of
2D graphene sheet under biaxial compression, we use a
shape as close as possible to a square. These include sheet
dimensions of 12.65A (zigzag edge) X 13.14A (armchair
edge), 25.30Ax 2628 A, and 37.95Ax39.42A, and the
results are shown in Fig. 3, in comparison with the results of
uniaxial compression. The analytical solution of this problem
is

2

3(1 —v?)L?’ ™

Ex.bi =

where L'(72) = (L(=2) + Lﬁfz))/Z with Lx= Ly, and Eq. (7)
have the same form as Eq. (2). Figure 3 shows that the ana-
lytical results agree well with MD simulation results. If biax-
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FIG. 3. (Color online) Critical compressive strain versus L2 for buckling
of graphene sheet under uniaxial and biaxial strain, obtained from analytical
calculations (solid line) and MD simulations (data points).
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ial tensile strain is applied, the 2D graphene sheet will
fracture above a critical tensile strain, which is defined by
the same equation as Eq. (3) but with average edge energies
and edge length along the two directions. Then, the 2D gra-
phene sheet will also exhibit the maximum asymmetry in
tensile versus compressive strain induced mechanical insta-
bility, same as discussed above for narrow GNRs.

We note that for GNRs, the intrinsic non-zero edge
stress may also induce localized edge rippling instability,'?
without externally applied strain. Thus, there can be inter-
play between the applied strain induced rippling and the
intrinsic edge stress induced rippling in GNRs, which modi-
fies the critical strains we derive. However, the general phys-
ical picture of the strained induced instability, especially the
point of asymmetry that we emphasize remains correct.

In conclusion, we have studied the mechanical instabil-
ity of GNRs and graphene sheet under uniaxial/biaxial com-
pressive/tensile strains, using continuum mechanics theory
and MD simulations. We demonstrate that the narrow GNRs
and 2D graphene sheet exhibit a maximum asymmetry in
tensile versus compressive strain induced mechanical insta-
bility: the critical compressive strain for bucking is several
orders of magnitude smaller than the critical tensile strain for
fracture, because of the extreme thinness of graphene with
only one atomic layer thickness. This thinness also makes
the amount of compressive strain that graphene can sustain
to maintain its planar structure to be extremely small, only a
hundredth of a percent for a graphene size of 10 nm. These
findings have an important practical implication that strain
engineering of graphene devices is only viable with applica-
tion of tensile strain but difficult with compressive strain.
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